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^ ' Abstract 

> : 

^ ' We construct, in the framework of the A/" = 4 SYM theory, a supermultiplet of twist-two 
5^ , conformal operators and study their renormahzation properties. The components of the super- 
multiplet have the same anomalous dimension and enter as building blocks into multi-particle 
quasipartonic operators. The latter are determined by the condition that their twist equals the 
number of elementary constituent fields from which they are built. A unique feature of the A/" = 4 
SYM is that all quasipartonic operators with different 5'[/(4) quantum numbers fall into a single 
supermultiplet. Among them there is a subsector of the operators of maximal helicity, which has 
been known to be integrable in the multi-color limit in QCD, independent of the presence of su- 
persymmetry. In the A/" = 4 SYM theory, this symmetry is extended to the whole supermultiplet 
of quasipartonic operators and the one-loop dilatation operator coincides with a Hamiltonian of 
integrable S'L(2|4) Heisenberg spin chain. 
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1 Introduction 



Quantum chromodynamics — the theory of strong interactions — enjoys a number of space-time 
symmetries at the classical level: it is invariant under the SO{4,2) group of conformal transfor- 
mations in four dimensions pp. When the theory is quantized, five of the charges, the dilatation 
and four conformal boosts cease to conserve and the conformal group is reduced down to its 
Poincare subgroup. Still, the conformal symmetry has important consequences in QCD and pro- 
vides powerful tools in various applications (see the review j2] and references therein). 

It turns out that the conformal symmetry is not the only symmetry of QCD. A few years ago 
it has been found that evolution equations for scattering amplitudes in high-energy QCD possess 
a hidden symmetry in the multi-color limit [SI E] . Namely, the partial waves of the scattering 
amplitudes satisfy a Schrodinger-like equation which has a large number of conserved charges and 
is completely integrable. The underlying integrable structure has been identified as corresponding 
to the celebrated Heisenberg spin magnet. Later, similar integrable structures have been discovered 
in studies of renormalization group equations (or the dilatation operator, phrased differently jSUHl) 
for multi-particle Wilson operators in QCD [7[ |H1 El El • The Wilson operators W'^'"^^ (0) are 
gauge- invariant local composite operators built from fundamental fields Xi, carrying in general 
Lorentz indices, and covariant derivatives = — igA^ acting on them 

^i^i-H = tr I {V' . . . V'^XiiO)) (^""=+1 . . . r'^"X2(0)) ■ ■ ■ (^"^'"+1 . . . V^XNiO)) } . (1) 

According to their tensor structure these operators can be decomposed into irreducible components 
with respect to the Lorentz group. The component with the maximal Lorentz spin has a symmetric 
traceless Lorentz structure. It is projected from W'^'"^'' (0) via 

o^-^^ = s wj;"-^^ , (2) 

where the operation S symmetrizes corresponding indices and subtracts traces, e.g., S^^T^'^ = 
|(T^''+T'^^) — ^g^'^T^" . A distinguished property of the maximal-spin operators is that their twist, 
i.e., dimension minus spin, equals to the sum of twists of the individual fields X^. The operators 

mix under renormalization and the properties of their mixing matrix depend on the choice of 
fundamental constituent Xi. As was shown in the above-mentioned papers, for specific helicities 
of elementary fields entering the composite operator, the corresponding one-loop dilatation 
operator admits, in multi-color limit, N — 2 extra nontrivial conserved charges in addition to the 
conformal Casimir and its third projection. Thus, the evolution equations for such operators are 
completely integrable in QCD. 

It has been found that the one-loop dilatation operator in QCD gives rise to two essentially 
different integrable structures: For operators with aligned helicities, like three-quark baryons of 
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helicity-3/2 [71 |Hj or spin-three "glueballs" ^U], the dilatation operator is equivalent to a Hamil- 
tonian of a closed non-compact SL{2) Heisenberg spin chain jHJ QHl- The second structure has 
emerged in the multi-color limit from the renormalization of operators built from the quark- 
antiquark pair and gluon strength tensors |H1 El El E] • The corresponding dilatation operator 
is integrable as well and is also related to a Heisenberg spin magnet. Since the QCD quarks belong 
to the fundamental representation of the gauge group, the interaction between the quark and anti- 
quark fields is suppressed for Nc oo. As a consequence, the arising Hamiltonian turns out to be 
of an inhomogeneous open Heisenberg spin chain [3 El E] • In both cases, the spin operators 
acting on the sites of the chain are the generators of the SL{2) group. The latter corresponds, on 
the QCD side, to the so-called collinear subgroup of the full conformal group. 

We would like to stress that in one-loop approximation the non-conformal nature of QCD is 
irrelevant and the one- loop dilatation operator ought to be conformally invariant. At the same 
time, integrability emerges as yet another symmetry of the dilatation operator in four-dimensional 
Yang-Mills theory which has immediate consequences for renormalization of composite operators in 
QCD and its supersymmetric extensions. To understand its origin one can consider the dilatation 
operator in maximally supersymmetric extension of QCD — the A/" = 4 SYM theory ^21 Ej • 
As compared to QCD, this model exhibits a number of exceptional properties which simplify its 
structure enormously. The A/" = 4 SYM is an example of a full-fledged interacting conformal field 
theory in four dimensions invariant under super conformal PSU {2, 2\4) transformations [T^ I15j . 
More recently it was proposed that in the multi-color limit the A/" = 4 SYM theory admits a dual 
description in terms of a superstring theory on AdS^ x background [121 El HE] • This suggests 
that integrability of Yang-Mills theory is in one-to-one correspondence with symmetries of the 
string theory [H 1201 E] • 

The Wilson operators in the A/" = 4 SYM theory have the same form with the only 
difference being that they carry the additional 50(6) ~ SU{A) charge. Among them there is a 
subclass of the Berenstein-Maldacena-Nastase (BMN) operators [22] which, in the simplest form, 
do not involve covariant derivatives and have a near-to-extremal charge with respect to an 5*0(2) 
subgroup of the /^-symmetry group 50(6). These operators do not have their counter-partners in 
QCD and reflect the supersymmetric nature of the A/" = 4 model. 

Recently it has been found that the one-loop dilatation operator of the A/" = 4 model possesses 
integrable structures analogous to the those observed in QCD in two different sectors of Wilson 
operators. Namely, renormalization of the BMN operators is driven by an evolution operator 
which can be identified as a Hamiltonian of a Heisenberg spin magnet with spins belonging to the 
50(6) group [201 • we outlined above, the one-loop dilatation operator in QCD is integrable in 
the SL{2) sector and gives rise to the SL{2) Heisenberg spin magnet. The same SL{2) integrable 
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sector arises in the A/" = 4 super- Yang-Mills theory [22] • The subsequent studies of renormalization 
properties of "mixed" operators involving covariant derivatives and possessing a large i?-charge 
have allowed to the authors of Refs. [231 [^ to conclude that for an arbitrary Wilson operator 
(0) the one-loop dilatation operator in the A/" = 4 super- Yang- Mills theory is equivalent to the 
Hamiltonian of the PSU{2,2\A) Heisenberg spin chain. These intriguing results indicate the 
potential, if extended to all orders, as was pointed out in Refs. [23 121] , of complete integrability 
of the A/" = 4 super- Yang-Mills theory. Additional support for this conjecture comes from the 
gauge/string duality: recently is has been found that the classical world-sheet sigma model on the 
AdS^ X admits an infinite set of conserved charges [23 1211 1211 120] • In Ref • [H] it was found 
that the Yangian structure of the superstring sigma model maps into symmetries of the dilatation 
operator in the Yang-Mills theory. Several successful matchings, starting from Refs. [221 122); of 
the gauge-theory results to the rotating string solutions serve as a very nontrivial verification of 
the AdS/CFT correspondence [23] • 

Let us elaborate more on the Wilson operators (0). As we already mentioned, their maximal- 
spin component corresponds to a symmetric, traceless tensor and has the lowest twist in each A^- 
particle sector. Below we discuss only this specific subclass of operators. To simplify the analysis 
even further, one projects out the Lorentz tensor onto the light-cone. This is accomplished by 
contracting the indices with a light-like vector ra^ (n^ = 0), which has the virtue of automatic 
symmetrization and trace subtraction. Thus the resulting tensor transforms in an irreducible 
representation of the Lorentz group. This makes the covariance manifest without the need to 
deal with open indices. Thus, the dynamics is effectively projected on the light cone and the 
full superconformal group is reduced to its coUinear subgroup. This results into the following 
single-trace multi-particle operators: 

which is built from the "good" field components of the J\f = 4 model X = {F~^j[, A^^,, A"^, (p^^}, 
defined in the next section. By making such a choice we automatically restrict ourselves to 
the so-called quasipartonic operators. The Taylor expansion of the non-local operators Q with 
respect to the field separations on the light-cone produces sets of local gauge-invariant oper- 
ators (|2I). The gauge invariance of Q is restored by inserting the gauge links [^k+i,^k] = 
Pexp (^ig f^^^^ d^' n ■ A{n^')^ between the fields. We do not display them in Q since later on 
we will be using the light-like gauge = {n ■ A) = {]. In this gauge, the above projections of 
fields represent on-shell partons; hence, the name quasipartonic operators. These operators form 
a closed set under the action of the dilatation operator and have the following unique properties 
|35j : They carry a definite twist which is equal to the number of constituents. Since the twist is 
conserved under renormalization, the dilatation operator does not change the number of partons. 
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In the present paper we will be dealing with two-particle quasipartonic operators. The latter 
serve as building blocks for the multi-particle operators Q discussed above and, correspondingly, 
to the one-loop dilatation operator acting on this space: only pair-wise interactions are relevant to 
this order. Moreover, we restrict ourselves to the discussion of the color-singlet two-particle blocks 
because the gauge invariance of the Wilson operators Q allows one to reduce the action of the 
pair-wise dilatation generator in the color space in the multi-color limit to the quadratic Casimirs, 
tn ® tn+i ~^ ~\-^c for Nc oo. Here an SU (Nc) generator is assumed to act on a constituent 
placed on the n-th site of an A^-particle colorless operator. Two-particle quasipartonic operators 
have obviously twist-two, and, according to their quantum numbers, they can be separated into 
different sectors. The operators belonging to each sector mix only among themselves and their 
renormalization is driven by an evolution kernel, or equivalently a dilatation operator. As was 
already mentioned, the one-loop dilatation operator is completely integrable in QCD in the sector 
of operators with maximal helicity. However, this sector is autonomous in QCD and there exists 
no relation between it and the dilatation operators acting in other sectors. To obtain such a 
relation one has to employ supersymmetric extensions of QCD. 

Supersymmetry connects Wilson operators belonging to different sectors and, in addition, 
imposes severe constraints on their mixing matrix. These constraints tighten up as we go from non- 
supersymmetric theories all the way up to the maximal A/" = 4 supersymmetry. Ultimately this 
allows one to resolve efficiently the operator mixing since the supersymmetry regroups all operators 
into supermultiplets whose components evolve autonomously under scale transformations and 
possess, at the same time, identical anomalous dimensions. The number of supermultiplets and 
their structure depend on how much supersymmetry a theory possesses. In the present paper we 
construct a supermultiplet of twist-two operators for the A/" = 4 model by a direct calculation and 
identify its anomalous dimension. We demonstrate that the supermultiplet is unique; that is, its 
components span all twist-two operators transforming in different irreducible representations of 
the Lorentz and internal symmetry groups.^ 

The crucial difference between A/" = 4 and other Yang-Mills theories is that the former allows 

one to relate the sector of the maximal helicity operators to all other sectors. This is a mere 

consequence of the span in helicities of one-particle massless states which enter a given multiplet 

in supersymmetric models. In A/" = 1 supersymmetry, the gauge multiplet is formed by two CPT- 

conjugated sets of states with the helicities A = 1, | and A = — 1, — |, respectively. Supersymmetric 

transformations change the helicity by a half, so that for a composite operator ^'■'^'''^'•'(^i, ^2) ~ 

subset of SU{4) flavor-singlet twist-two operators was identified in Ref. by a diagonalization of the 
anomalous dimension matrix deduced from calculations of Feynman diagrams. 
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X(^)(^i)X(^')(^2) built from fields of lielicities A and A' one has 

[Q, ~ (9(A+1AA') ^ q(X,X'+1/2) ^ (^^^ 

This is not sufficient to link the aligned-helicity two-fermion operators to the counter-aligned ones 
since for that one needs to flip the helicity (A or A') by one unit. The A/" = 4 super- Yang-Mills, 
having the maximal possible number of global supersymmetries, is CPT self-conjugate and spans 
all possible helicities of particle states A = ±1, ±|, 0. Thus, to connect the above two sectors it is 
enough to apply the supersymmetric transformations twice 

This explains why in the minimal supersymmetric extension of QCD — M = 1 super- Yang- Mills 
— there are two independent supermultiplets of conformal operators: one of aligned helicities 
[23 inil and another one of opposite helicities jHEl ISHl ISH HO] • The former supermultiplet inherits 
integrability of the one-loop dilatation operator in QCD. The exceptional place of the maximally 
supersymmetric gauge theory in a row of Yang-Mills theories is that both types of the operators 
enter the same supermultiplet. Therefore the one- loop dilatation operator is integrable in the 
A/" = 4 model [25 and anomalous dimension of the supermultiplet is identical at one-loop order 
to the anomalous dimension of the maximal-helicity quark [7| |H] and gluon ^U] QCD conformal 
operators. 

Our presentation is organized as follows. In the next section, after recalling the definition of 
conformal operators in a generic case, we turn to the classification of all two-particle conformal 
blocks in maximally supersymmetric gauge theory. Subsequently in section 01 we discuss the 
projection of the A/" = 4 supersymmetry algebra on the light-cone: one needs only this subalgebra 
for discussion of twist-two conformal blocks. Then we construct a supermultiplet which embeds 
all of them. The anomalous dimension of the supermultiplet is fixed in section |^ to two-loop order 
by computing one of its components and using the result of Ref. [H]. Section El is devoted to 
discussions and conclusions. A few appendices contain some details of the calculations. 



2 Conformal operators in A/^ = 4 super- Yang-Mills 

As we outlined in the introduction, the nonlocal light-cone operators serve as generating 

functions for the Wilson operators of the lowest twist. Indeed, expanding Eq. Q in powers of the 

"light-cone distances" — one can obtain an infinite set of local composite operators ^ with 

covariant derivatives projected with the light-like vector^ n^. The main advantage of dealing with 

■^In addition to n^, one introduces also an orthogonal light-cone vector n*'^, = normalized such that 

n*?i^ = 1. Then, an arbitrary vector can be decomposed as u'' = i)+7i*'' + w^7i^ + v^, where the "plus" and 
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the nonlocal light-cone operators Q is that they have simple transformation properties under a 
(super) conformal group. 

Since the fields entering Eq. "live" on the light-cone, defined by the four-vector n'^, we 
can significantly simplify our considerations by restricting the full 5*0(4,2) conformal symmetry 
group down to its collinear conformal subgroup 5*0(2, 1) ~ SL{2), for a review (see Ref. j2]). The 
latter is a group of projective transformations on a line; 

+ b 

4 , ad - 6c = 1 , (6) 

ct, + a 

with ^ defining the position of a field operator on the light-cone, X{C,n^) = X{C,). Its algebra is 
formed by projections of the generators of translations = iV~^, conformal boosts C~ = |/C~, 
and a combination of Lorentz transformations and dilatations £° = | (P + M.^^). Yet another 
combination of the latter two determines the operator of the twist, S = — which 
commutes with and C~ . Primary fields are transformed under the SL{2) transformations 

(jSI) as 

X(0 - X\0 = (ce + dr^^X , j = Ud + s) (7) 

where j is the conformal spin of the field. It is given by half the sum of the canonical dimension of 
the field, d, and its spin projection on the light-cone Z'+_X(^) = sX{^). The operator S counts 
the twist t = (d — s) of the field X, i.e., 

[S,X{0] = {d-s)X{0. (8) 

Obviously, the twist of the multi-particle operator Q is equal to the sum of the twists of elementary 
fields. In what follows, as we pointed out above, we shall consider the operators of the minimal 
twist. 

Let us examine the transformation properties of the elementary fields in the N" = 4 theory. 
For scalars one has dgc = 1 and Ssc = leading to jsc = 1/2 and tgc = 1- For vectors and fermions, 
one has to separate the corresponding fields into components with different values of the spin 
projection Sq = ±1/2 and Sg = ±1,0, respectively. As before, the minimal twist corresponds to 
the component with the maximal spin. Let us discuss the fermion and gauge fields separately. 

The four-component fermion field is decomposed into two components with s = ±1/2 by means 
of the projection operators 

V' = ^+±V-, iJ± = n^^, i7±=i^T^±, (9) 

so that ip± have the following spins: 

i:-+^A± = ±iV±, (10) 

"minus" superscripts stand for contraction with the vectors and n*^, respectively. 
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where we have used the hght-cone projected spin tensor Z''"' = ;|[7^,7'^]. Since the canonical 
dimension of the fermion field is dq = 3/2, one finds that the ^/^^-component has the conformal 
spin jq = 1 and the twist tq = 1. Similarly, for the -j/^.-component one finds jq = 1/2 and tq = 2. 
Therefore, only the tp^ component enters a nonlocal operator of the minimal twist. Notice that 
Eq. is identical to the decomposition used in the light-cone quantization and we will use 
the latter formalism momentarily to point out important modifications when the ip- enters the 
composite operator. So far we did not refer to the specifics of the maximally supersymmetric 
Yang-Mills theory. Its Lagrangian is defined in appendix ^ in terms of the Weyl spinors in order 
to preserve the SU{4) covariance. Going from the four- component notations to the Weyl gaugino 
fields, the projection of the "good" components converts into^ 

= \cT-^p a+ f'^X, , \% = \a- "'^ a+p^X^ . (11) 

Each Weyl spinor A+a and A" has only one nonvanishing component which describes a state with 
a definite helicity, +1 and —1, respectively. For brevity, we suppress in what follows the subscript 
"plus" on the fermion field designating its "good" light-cone projections, i.e., A+ A. 

For the gauge field, one has to project the Lorentz indices of the strength tensor F^^ onto 
the longitudinal light-cone directions and the transverse space with the two-dimensional metric 
9jlv = 9^ll' ~ ^fi'iT't ~ ^u^*^. The spin assignments for different projections of F^'^ are as follows 

^-+^±M _ ^^±M ^ s~+F+- = E^+F'^"^ = , (12) 

where E^^F^"^ = gi^PF'^'^ — g'^^F^"' — {p ^ a) . Since the canonical dimension of the strength tensor 
is dg = 2, the /^"""^-component has the conformal spin jg = 3/2 and twist tg = 1. For F~^~ and 
F^^-components one gets jg = 1 and tg = 2, while for the F~^-component one has jg = 1/2 and 
tg = 3. Thus, the minimal twist is associated with the F'''^-component only. 

To summarize, the leading twist multi-particle operators are constructed solely from the "good" 
fields F"*"^ and scalars (j) living on the light cone. Let us reiterate that the twist of such 
nonlocal operators equals the number of primary fields involved and they are known in QCD 
as quasipartonic operators [23]. The "good" fields are transformed as conformal primaries with 
respect to the coUinear conformal subgroup and carry the following conformal spins: 

J(j = 1 ; 3g — 2 ^ is = I ) (13) 

for gauginos, gluons and scalars, respectively, as we established earlier. A unique feature of 
quasipartonic operators is that they form a closed set with respect to the action of the dilatation 
operator. Since the twist is preserved under dilatations, the quasipartonic operators can only 
''^The conventions for four-dimensional Clifford algebra is fixed in appendix IbI 
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be transformed into operators of the same twist. Therefore, the total number of constituents is 
conserved. In other words, the dilatation operator acts "elastically" on the space of quasipartonic 
operators — there is no annihilation/production of the "good" fields — and, therefore, it can be 
represented quantum-mechanical Hamiltonian. 

As was already mentioned above, the nonlocal light-cone quasipartonic operators are generat- 
ing functions of the Wilson operators of the lowest twist or, equivalently, the maximal Lorentz 
spin. For obvious reasons, the nonlocal light-cone operators corresponding to non-maximal spin 
components of the Wilson operators (JJ) and/or containing "bad" components of fields belong to 
the class of non-quasipartonic operators. Their twist is higher compared to the twist of quasi- 
partonic operators built from the same number of constituent fields. The transformation of non- 
quasipartonic operators under dilatations takes a more complicated form. One of the reasons for 
this is that the operators containing "bad" components are not dynamically independent and can 
be re-expressed nonlocally in terms of "good" fields integrating the former out in the functional 
integral in the light-like gauge = 0. This effectively results into the use of equations of motion, 
e.g., 

i^-io = Ud^r'^±7^M0 + • • • = f / / ^^-'"^^-^'^-^±^^^0 + • • • , (14) 

where the ellipses stand for contributions from scalars. This relation implies that the "bad" 
component can be treated as a (multi-particle) composite state built from the "good" 

components ip+{^') and y4^(^') = J d^" F^'^{^' + smeared along the light-cone. This implies 
that, in distinction with quasipartonic operators, the total set of nonquasipartonic operators of a 
given twist is overcomplete. Construction of the basis of operators in this sector remains an open 
problem. 

2.1 Two-particle conformal primaries 

In general, the Wilson operators do not transform covariantly under the action of the 5*0 (4, 2) 
conformal group and, as a consequence, they do not have an autonomous renormalization under 
dilatations. To identify the operators which are eigenfunctions of the dilatation operator, one 
makes use of the coUinear SL{2) subgroup of the conformal group to define the so-called conformal 
operators. The conformal operator Oj is determined by requiring that it is transformed under 
the SL{2) transformations as a primary field of the conformal spin J, Eqs. © and (|7j). The same 
condition can be expressed as 

[£-, OjiO)] = , [£^ Oj{0)] = J{J - l)Oj(O) , (15) 

where is the quadratic Casimir of the SL{2) subgroup. 
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To construct a two-particle conformal operator, one considers the product of two fields on 
the light-cone Xi{0)X2{C,)- It is transformed in accordance with the direct product of two SL{2) 
representations labelled by the conformal spins of the fields, ji and j2- Decomposing this product 
into a sum of irreducible components, [ji] ® [J2] = X]n>oN +ii + J2], one identifies the conformal 
operator Oj{0) with j = n + ji + j2 — 2 as the highest weight of the spin-(j + 2) component. In 
this way, one obtains the explicit expression for Oj{0) in terms of the Jacobi polynomials 

0,(0) = Xi(0)(z9+)"Pf^-^'2^-i) (5 X2(0) , (16) 

with J = j + 2 = n + ji+j2 being its conformal spin defined by Eq. psp. Here we have used the 
notations 

d=d + d, V = V-V. 

for the total and left-right derivatives, respectively. The spin-(j+2) representation space is spanned 
by the conformal operator Oj(0) and its descendants, generated with the step-up operator 

O,,(0) = . . . , 0,(0)]] . . .] = (za+)'-"O,(0) , (/ > n) , (17) 

from the vacuum state Ojj(O) = Oj(0). Then, the product Xi(0)X2(.^) can be expanded over the 
conformal operators as follows (we recall that we are using the = gauge): 



00 „i 
Xi(0)X2(e) = 5^C„,(ji,j2)(-^0" / duu^^'^^-\l - ur^'^--'0_ 



j=n+ji+j2~2 



n=0 

where we introduced the "reduced" Clebsch-Gordan coefficients 

{2n + 2ji + 2j2 - l)r{n + 2ji + 2j2 - 1) 



Cn(jl,j2) 



r{n + 2j,)r{n + 2j2) 

As we can see, the definition of conformal operators does not rely on supersymmetry and makes 
use of the invariance of the underlying Yang-Mills theory under the conformal 5*0(4,2) trans- 
formations. In addition, the conformal symmetry protects mixing between operators of different 
conformal spin. In QCD this property is valid to one-loop order only due to the conformal anomaly, 
while in A/" = 4 super- Yang-Mills the conformal symmetry holds to all orders provided that the 
theory is regularized in the manner that preserves the symmetry of the classical Lagrangian. We 
will return to this issue later in section|3]where we discuss subtleties of the dimension regularization 
of loop corrections. 

In general, there exists a set of conformal operators possessing the same conformal spin j and 
other quantum numbers with respect to the Lorentz and internal flavor groups. Combining them 
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together, one can define a vector Oji which obeys a matrix renormahzation group equation^ 

d 



-Of, = -j^{g')Of,, (19) 



where the anomalous dimension matrix ^j{g'^) has an infinite series expansion in perturbation 



theory; 

2 \ n+l 

,{n) 



n=0 ^ ^ 



(20) 



Conformal symmetry implies that 'Jjig'^) depends only on the conformal spin j, but it does not fix 
its functional form. Additional constraints on the mixing matrix are imposed by supersymmetry. 
As we will show below, it allows one to determine the eigenstates of the matrix "fjig'^) in A/" = 4 
theory to all orders in the coupling constant without actual calculations of Feynman diagrams. 

The rest of this section is devoted to the counting and construction of all twist-two operators 
in A/" = 4 super- Yang-Mills by classifying them with respect to irreducible representations of the 
Lorentz and fiavor group. The generic expression is given by Eq. (|T6|) with Xi being one of the 
"good" fields X = {F^'^, A^^,, A"^, 0"^^}. For the sake of convenience, we split all bilinears into 
bosonic and fermionic operators. The first set involves gaugino-gaugino, gluon-gluon, scalar-scalar 
and gluon-scalar ones, while the second contains gaugino-gluon and gaugino-scalar bilinears. Later 
using the supersymmetry algebra we construct a supermultiplet which embraces all of them. 



2.2 Two-gaugino operators 

Let us start with the two-gaugino operators. The gaugino fields A^^, and A"^ carry the conformal 
spin jq = 1 and the corresponding conformal operator is given by (fTB|) with the Jacobi polynomial 
being reduced to the Gegenbauer polynomial Cj . One can assign a definite spatial parity to 
the two-gaugino operators. In the Majorana notations, the difference between the even and odd 
parity bilinears is encoded in the chirality matrix 75, so that ip'^^il) and ip'y'^'j^ip are the vector 
and the axial-vector, respectively. When expressed in terms of two-component Weyl spinors, A^^, 
and A"^, the bilinears will be accompanied by the signature factors 

a, = l-(-l)^ (21) 

which trace back to the vanishing of the corresponding operators with even/odd spatial parity. 

Next, since the gaugino transforms in the 4 of SU{A), the bilinear built from it and its complex 

conjugate is decomposed into two irreducible representations 4 ® 4 = 1 © 15. The latter is 

^The superscript R stands for a subtracted operator = 20. The latter generates finite Green functions 
with elementary field operators. 
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extracted with the help of the projector 

[p..]5s^ = m-\m. (22) 

The maximal-hehcity gaugino operators, with fields having aligned helicities, have two fiavor 
components 4 ® 4 = 6 © 10, projected with 

[PiolSf = [Pt,]Tb = S^A^E + m , WTb = [PefA^ = S^A^E - • (23) 
Therefore, in total we have the following two-fermion conformal operators: 
• the singlet even- and odd-parity operators, respectively. 



0]f = a,+itrA,^a+°'3(z9+)'cf (5+/^+) , (24) 

• the even- and odd-parity operators in 15 

{0',fV = a,+itr [Pi5]Ig W-^"'^(^9+)'cf [vVd^) A^, 

[0]f%'' = ^3 tr [Pi.ni 'Kc^^ -'{id^)'cf (vVd^) , (25) 

• the maximal-helicity operators in antisymmetric n = 6, symmetric n = 10 and their 
complex-conjugated n = 6, 10 representations 

[7^.f'"]MB ^ tr[P„]^£ A"^a+,^<^^(^9+)^Cf (vVd^) , 
WrWE = tr [PnfAE Kc^^'''-<,,{^^^^Cf ivVd^) XI . (26) 

We also introduce S'?7(4)-conjugated operators 

[^jl \aB - 2^ABCD[-lji \ , [-Iji I - -£ i-lji IcD- 

As we will see in the next section, they naturally arise in supersymmertic variations of other 
operators which form the supermultiplet. Notice that in order to simplify our notations we have 
introduced a superscript of the fiavor representation only for non-singlet cases. Analogously, below 
we will omit this label for the lowest-dimensional representation in a given set of operators with 
the same field content or when the S't/(4) representation is obvious from the particle content. 

In the above expressions, the signature factors Uj ioj^i) imply that the corresponding operators 
are identically zero for even (odd) conformal spins. The Fermi statistics of gaugino fields has a 
consequence that [7^|'?'^]Ms ^nd [7^|'?'^°]Ms q\^q vanish for odd and even j's, respectively. 
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2.3 Two-gluon operators 

Let us address now gluonic operators. The vector field F"*"^ has the conformal spin jg = 3/2 
and carries no charge with respect to the internal i?-symmetry group. The two-gluon conformal 
operators are given by (jlfij) for ji = j2 = 3/2, so that pj^'^-* ~ C*!^^. The product of two 
vectors, g^f ^F^ can be decomposed into irreducible representations of the Lorentz group 
as (i, 1) ® (i, I) = (0, 0) © ((1, 0) © (0, 1)) © (1, 1), or, equivalently, 

y_L y_L — y± ' 2^± ^± ' ' ± '± per ' 

with ej^j^ = £°'^'"^gap9^u''^*p''^o- normalized as e^^'^^ = 1 and t^^'P'^ = i (^g^^gY + g'^gY ~ gTdT^ 
being a totally symmetric and traceless tensor in each pair of its indices. Thus, the two-gluon 
twist-two operators may have only three independent Lorentz structures. 

For further convenience we introduce the gluon fields of positive- and negative-helicity F"*"^ + 
iF'^'^ and F"*"^ — iF^^ respectively. Here the dual gluon field strength is defined as F^'^ = 
^^pypa and = e^F^^. From the positive- and negative-helicity operators we build the 
even- and odd-parity combinations 

-A { {f^I - 'F^l) {f^I + ^F^l) ± {f^I + 'F^i) {f^I - 'F^l) } = - I .^H F'-'^Fl^ , 
as well as the maximal-helicity operator 

1 { + ^F-'^^) + ^F^l) ± (f^^^ - ^F-'^^) (f+1 - ^F^l) } = -r'^--- | J/^^^^^ | , 

(28) 

where the sign assignment corresponds to the upper and lower component of the tensor structure 
on the right-hand side. 

According to the above nomenclature, we introduce the following two-gluon conformal opera- 
tors: 

• the even-parity operator^ 

Off = ia, tr F+^^ gi^ (z9+)'-^Cf , (5 V^^) F^ , (29) 

• the odd-parity operator 

ajf = la,^itTF^^^zei^{zd+y-'cf_\ (BV^^) F'^ , (30) 

^Here, compared to Eq. (|16|l . we shifted the argument of the Gegenbauer polynomial to ensure that the total 
conformal spin of the operator J = (j — 1) + 3 coincides with the conformal spin of the gaugino operators. 
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• the maximal-helicity operators 

[T^Y" = tr [f^I - iF^'l) {id+)'~^Cf^^ (B - iF'^^ . (31) 

Notice that we have spht the maximal-hehcity gluon operator ()28j) into negative and positive total 
hehcity components, T^^ and T^^, respectively. The Bose statistics of the gluon fields implies that 
the conformal operators O^f /O^f vanish for even/odd conformal spins j. To make these properties 
explicit we inserted the signature factors into their definition. 



2.4 Two-scalar operators 

We recall that the six real scalar fields of the A/" = 4 model are combined into a complex antisym- 
metric field (p^^ which transforms with respect to 6 of the SU (4) fiavor group and carries the con- 
formal spin is = 1/2. Thus, the product of two representations for scalars gives 6®6 = 1©15©20, 
so that the Clebsch-Gordan decomposition reads 

where the projector [-Pis]^^ was defined in (f2^ and 

[P2o]ab'-GH = ^G^H^ABIJ^ + ^H^ABGJ^ + ^G^ABHJ^ + ^ABGH^ 

(32) 

Applying (jl6|) for ji = j2 = 1/2 and taking into account that pj'^'°^ ~ ^i^^' introduce the 
following two-scalar conformal operators: 

• the singlet 5'[/(4) representation 

Of, = la,tr^ABi^^^y^'cji\ (vVd^) , (33) 

• the non-singlet 15 and 20 SU{4) representations 

PTi'V - k.H-i tr [P..]Td <PGE{^^^y^'C^i\ {vVd^) , (34) 

[orrA^ - tr [p.o]TbSh M^d^r'c]i\ (5 v^^) • os) 

The Bose statistics implies that the operators Of and [O^f'^^]^^ vanish for even j whereas 
|-^ss,i5j^_B vanishes for odd j. 

13 



2.5 Mixed bosonic operators 

The last in a row of bosonic operators are mixed gluon-scalar operators, which are 

[ViTab = ^ tr + (5 . (36) 

They do not possess a definite parity. The indices of the Jacobi polynomials are defined by the 
conformal spins of the operators, Eq. (fTUI). 

2.6 Fermionic operators 

Finally, we define operators with fermionic quantum numbers. There are obviously two types: 
constructed from the gaugino and the field strength and from the gaugino and the scalar. In the 
latter case, the product of gaugino and scalar fields is decomposed into 6 ® 4 = 4 © 20. The 
projection onto irreducible components is accomplished with the Clebsch-Gordan decomposition 

where 

[PTo]t% = {SE^h + m) e^^'^^eoEiH . (37) 
Analogously, one decomposes the product (pAB^'^ as 6 ® 4 = 4 © 20 with the projector 

[P2.rAB3 = {^fS? + S^5f) SABCHS^'^''' • (38) 

To complete the basis we introduce the operators built from the gaugino and the gluon. Thus we 
have 

• the gaugino-scalar 4 and 4 

[^?;f].A = iV2ii'^AB{id+t'pf^'^ Af , (39) 

• the gaugino-scalar 20 and 20 

[r?;^]'^^^ ^ ^v/2tr[p^o]^S^0^^(z9+)'+^p,(JJ^ [vVd^) x%. 

[^T'^^JiB - ^V2i. [P.o]S? ct^DEiid^r'Pf^^^ (vVd^) a: , (40) 
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• the gluon-gaugino operators 

['^X' = 1^1 ± {^^^yP^'''^ (5 Vd^) \^ . (41) 

It is convenient to introduce into our consideration a projection of the latter four operators in Eq. 
(|4ip onto Pauh matrices. Namely, one defines 

^ ^Ui^^X' , i^X'' = • (42) 

The remaining two projections of the maximal-helicity fermionic operators vanish identically; 

To summarize, in this section we used the coUinear SL{2) subgroup of the full 5*0(4, 2) confor- 
mal group together with the internal SU (4) symmetry to classify all possible twist-two operators 
with respect to irreducible representations of the two. The operators with the same SU (4) charge 
and conformal spin mix under renormalization and our goal is to diagonalize the corresponding 
mixing matrix making use of supersymmetry. 

3 Building the supermultiplet 

In the previous section, we have exploited the conformal invariance to construct the complete set 
of twist-two operators with a definite conformal spin j. Going from QCD to its supersymmetric 
extensions, one can derive constraints on the properties of these operators. The reason for this 
is that supersymmetry transformations relate elementary primary fields of different conformal 
spins and, therefore, they lead to relations between various conformal operators. As was already 
explained, multiparticle operators of minimal twist are constructed solely from the "good" field 
components. Therefore, out of the full supersymmetry algebra of the A/" = 4 super- Yang-Mills, 
described in appendix |X[ the analysis of such operators requires only a subalgebra for components 
projected on the light cone. This implies that for multiparticle operators of the lowest twist, the 
total super conformal group 5'f/(2,2|4) is reduced down to its subgroup S'f/(1,1|4) ~ 5'L(2|4), 
which can be regarded as a supersymmetric extension of the collinear S'L(2)-subgroup of the 
four-dimensional conformal group. 

In the A/" = 4 model, the supersymmetry transformations ()A.6|) mix "good" and "bad" com- 
ponents of the primary fields. To project the transformation of the "good" components only, one 
has to impose the following constraint on the fermionic transformation parameter 

= a+ ^^^7 = , = \a- a+^^e = , (44) 
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which corresponds to ^7 7+.^ = in four-component notations so that C, = C,^. From Eqs. ()A.6|) 
we find for the "good" components of fields, in the SU (4) covariant form, the following rules 

5Ka = -F^t^- -^"1 + {d^'^AB) a- %^ . (45) 

Note that 5A^ = due to Eq. so that = V'^SA-^. The following comments are in order. 

In the light-cone gauge = 0, the transformations ()45|) form the off-shell supersymmetry 
algebra, i.e., without gauge transformations, needed in a generic case flA.6|l to bring the multiplet 
back to the Wess-Zumino gauge, and without the equations of motion. Namely, 

[62, Si] X = 2i {^^^a-^^f,^ + ^2aAa- "^^i} d^X , (46) 

for X = {Aj[, X^^, A^^, (j)^^}. In case the light-cone gauge is lifted, one has to replace d'^A'^ — > 
and d'^X^^ — » V^X^^ with identical substitution rules for and (p^^. 

Since the light-cone supersymmetry transformations are linear — they do not increase the 
number of fields — the set of quasipartonic operators is closed. Therefore, examining the trans- 
formation properties of such operators under the transformations ()45j) one can construct super- 
multiplets belonging to an irreducible representation of the light-cone super-algebra. A unique 
property of conformal operators entering the supermultiplets is that they diagonalize the dilatation 
operator and, therefore, have an autonomous scale dependence. 

The procedure of constructing supermultiplets of conformal operators is straightforward pSl 
ESI ISni Hn] once an appropriate component of the supermultiplet is chosen. The right choice would 
be any operator which renormalizes autonomously. Applying the light-cone supersymmetric trans- 
formations ()45|) to such an operator, one can reconstruct the remaining entries of the supermulti- 
plet and, therefore, deduce automatically the combinations of conformal operators which are the 
eigenfunctions of the anomalous dimension matrix (see Ref. jlHI for the BNM sector). 

There are many candidates for this component. This can be judged on the grounds of unique 
quantum numbers either with respect to the Lorentz or isotopic groups. For definiteness we 
choose the conformal operator defined in (I35p . but one could equally have taken instead 

any of the operators given in Eq. (j5(Jj) or (j53j) below. We emphasize that the construction of the 
supermultiplet works to all orders in the coupling constant provided the superconformal symmetry 
is not broken on the quantum level. This is expected to be the case in A/" = 4 super- Yang- 
Mills theory, however, potential complications with the explicit implementation of regularization 
procedures in perturbative computations will be postponed until section HI 
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3.1 Components of the supermultiplet 

The A/" = 4 super-light-cone algebra (jl^ is closed in the basis spanned by the bilinears intro- 
duced in section 121 As we just said, choosing (9^*'^° as a supersymmetric primary, the remaining 
components of the multiplet are deduced as its descendants. This is demonstrated by an explicit 
calculation in appendix O The result of our analysis is represented by the diagram in Fig. ^ 
where the arrows indicate the super-variation ()45p of the corresponding conformal operator, and 
the operators within one step of the diagram arise as its supersymmetric descendants. 

All components of the supermultiplet can be separated into bosonic and fermionic operators. 
Within each set, the operators are classified according to their SU{4) charge. In addition, one has 
to consider separately the cases when the conformal spin j is even/odd: therefore, in what follows 
the [±] subscript denotes even (+) or odd (— ) j's. 

• The bosonic components of the supermultiplet are the following: 

4 ' 
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for the SU (4) singlets '', and 



for the 6 and 6, and 



\A 



(47) 



[%j!;B = 2(j+2)[7;.f]:^^+[7;.f'«]^;^, 

[■^[-]jl\AB — i-^jl \ab ' 

[^i],.]''^^ = 2(j + iw^'r"" + [T^-f'T^^ , 
Kuir^" = 2(j + 2)[T^r^^ - [T^i^^^f^^ , 

[T^l.ir'' = [^-f ]^^^ , (48) 



[S]i'V = {3 + l)[C?;f''^]^^ + [0]f']A^ , (49) 

''Notice that scalars do not contribute to the odd operators Pj; since scalar operators have the opposite parity. 
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Qss,20 




Figure 1: A diagram representing the supermultiplet of twist-two conformal operators in A/" = 4 
super- Yang-Mills theory. The Lorentz, flavor and conformal-spin indices are omitted for brevity. 
For explicit transformation rules, see appendix IC.51 

for the 15. Finally, the remaining bosonic operators, which have unique quantum numbers 
and, as a consequence, renormalize autonomously, are 



The fermionic components of the supermultiplet read as: 

[^[+]jl]aA = 3[i7j'f]aA + [^ji]aA , 
)2 



and 



(50) 



[^U],iU = u + m',fu - u + m;?u , 
[^UM = 3(j + m^',?u + (j + m;fu , 

[^hiU = [n',XA-[n;fu, (si) 



= u + 3)[^?jf]"^ + (j + m;?r^ , 

[^H,r^ = 3(J + 3)[f?ff]"^ - (j + l)[f2;,T^ , 

[^W"^ = [^ff]"^ + (52) 

together with the remaining operators, which renormalize independently; 
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The following comments are in order: The result ^7\i for the operators Sjj and Vjj coincides, 
modulo multiplicative factors in front of Ojf, with the ones of Ref. [21]. To perform the compar- 
ison, one has to take the "forward limit" of the Wilson operators. This amounts to neglecting 
contributions involving total derivatives and leads to 

n-^qj--^tr0^^(.I)+y+V^^ 

where Uj = r{2j + 2)/r'^{j + 1). Analo gous relations hold for the parity-odd sector. 

The operators introduced in this subsection carry the same charges j and / which define their 
transformation properties with respect to the collinear SL(2) subgroup. Note that for given j 
and / the bosonic and fermionic components of the supermultiplet have different conformal spins: 
J = j + 2 and J = j + 5/2, respectively. The same holds true for their canonical dimensions. 
For instance, the canonical dimension of the operators Oj^^'"^^ and ^[I'^f is j + 3 and j + 7/2, 
respectively. 



3.2 Moving along the multiplet 

The relations between various twist-two conformal operators entering the supermultiplet in A/" = 4 
theory can be deduced from Fig. ^ As an example of a specific path which allows one to move 
along the multiplet from, say, the left upper corner of the graph to its right bottom corner, is 
achieved in four steps, in accordance with the number of the light-cone super symmetries, 

— ^R?? — -^^i,. — ^hi — S}, . (54) 
The corresponding sequence of supersymmetric transformations looks like 

rr^r,ss,20iCD _ ^ J + ^ p ^ iCD;EF ^a[Gt r)Sq,20i H] 

'^['-^ji \ab - ~3 2j _^ 3^-^20JaB;GH^ \- i'^EF + • • • ) 

rrr,sg,20i C _^ ^ [p ]C;DE r^2 i^t -± „~PlcF i 

^[^MJiIaB = ~^2j + 3^°[^'^'^°'^ [^[+]jl](3B] + ... , 

^[^[+]ji]aA = -j^Sj^^i^^a-^^^^^ + . . . , (55) 

where the ellipses denote contributions of other conformal operators; see appendix IC . 51 for details. 
Notice that the parameter of the supersymmetric transformations has the scaling dimension (—1/2) 
and, therefore, the operators entering both sides of these relations have scaling dimensions which 
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differ by the same amount. The generators of supersymmetric transformations do not commute 
with the Casimir of the collinear subgroup C} ^ Eq. (fT3|) . and, as a consequence, the conformal 
spin of the operators entering the right-hand side of ()55|1 differ by ±1/2. 

Examining the diagram shown in Fig. ^ one deduces the following remarkable property of 
the A/" = 4 super- Yang-Mills theory. The fact that the diagram is simply connected implies 
that all two-particle (quasipartonic) conformal operators are unified into a single supermultiplet. 
This should be compared with the M = 1 super- Yang-Mills theory [23 EH IMl ISHl HO] • In that 
case, a similar diagram has two disconnected components and, as a consequence, the two-particle 
conformal operators form two different supermultiplets. One of these supermultiplets comprises 
the operators with aligned helicities of particles [331 EZI and, therefore, it inherits integrability 
properties discovered in QCD [HJinilin]- The last two equations in explicitly demonstrate 
a distinguished feature of the A/" = 4 super- Yang- Mills. As was schematically illustrated in Eq. 
(0) of the introduction, the A/" = 4 supersymmetry relates the operators of aligned helicities, 
[^+]j/]!4_B ~ [^r'^lAB' to the ones built from fields of opposite helicities, Sji ~ Cjf. Since the 
operators entering the supermultiplet have the same properties with respect to the dilatation 
transformations, we conclude that going from QCD to A/" = 1 and, finally, to A/" = 4 theory, the 
integrability in the subsector of maximal- helicity operators gets extended to the entire sector of 
quasipartonic operators. 

4 Anomalous dimension of the supermultiplet 

If the superconformal symmetry is not broken by radiative corrections, then the components of the 
supermultiplet have an autonomous scale dependence and their anomalous dimensions are defined 
by a single function of the conformal spin j. To calculate this function, one has to regularize the 
theory in such a way that its symmetries are preserved. Unfortunately, a practical implementation 
of such perturbative regularization procedure does not exist. The most prominent candidate — 
the dimensional reduction jH] — preserves supersymmetry to rather high orders of perturbation 
theory, but breaks conformal boosts starting from two loops [331 EHl EDI • The reason for this is 
that the coupling constant acquires a nontrivial scaling dimension in the space-time with d ^ A 
leading to a modification of the beta-function Pd{g) = ^id — 4:)g + P{g). Thus, away from four 
dimensions, the conformal invariance is destroyed even when (3{g) = 0. As a consequence, the 
subtraction of divergences via the conventional minimal subtraction procedure induces the mixing 
of conformal operators of different conformal spin starting from two loops, but still the conformal 
symmetry can be restored by performing a finite renormalization of conformal operators jlHI- This 
transformation does not affect the eigenvalues of the mixing matrix, or equivalently, the anomalous 
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Table 1: Anomalous dimensions of the components of the supermultiplet of conformal operators 
in A/" = 4 SYM. 

dimension of the supermultiplet, but it induces a finite scheme transformation of its eigenstates. 

The analysis of the present section relies on a tacit assumption that there exists a subtraction 
scheme which preserves the superconformal covariance. Then within this superconformal scheme 
the anomalous dimensions of components of the supermultiplet are equal to each other. Note that 
the supersymmetry transformation induces a shift ±1/2 in the conformal spin as we climb/descend 
the supersymmetric tower of states — here, conformal operators with different quantum numbers. 
As a consequence, the anomalous dimensions of the components are given by the same function 
with the argument shifted at most by four units of the conformal spin. 

Let us denote the anomalous dimension of the operator O^i'"^^ as 7(j). Then, going through the 
diagram in Fig. ^ and inspecting the corresponding supersymmetric transformations presented in 
appendix lC.51 one uniquely fixes the anomalous dimensions of all components of the supermultiplet 
(see Table P). 

4.1 Fixing the anomalous dimension of the supermultiplet 

To determine the anomalous dimensions of the supermultiplet it suffices to calculate the anomalous 
dimension of one of its components. The simplest choice would be to consider either one of the 
operators displayed in Eqs. and (j^ . or the operators [TjJ^j^.^]^^^ and [7Ji]j;]^4B for odd j's. 
Actually, for two such operators — the maximal-helicity gluonic or quark operators, Eqs. (j3ip 
and ()26p. respectively — one can immediately borrow corresponding one- loop QCD results to fix 
7(j). This would merely require an adjustment of color factors with no additional calculation of 
Feynman diagrams. Beyond leading order one has to add a few extra graphs involving scalars 
propagating in loops to the existing QCD calculations and transform them to the supersymmetry 
preserving dimensional reduction scheme. 

However, in order to explicitly demonstrate that the components of the supermultiplet have an 
autonomous scale dependence, we will compute the one-loop anomalous dimension mixing matrix 
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Figure 2: One loop diagrams contributing to the anomalous dimension of [7^;^] ^5 in the light-cone 
gauge. The self-energy diagrams [the last two graphs] are multiplied by the symmetry factor 1/2. 
The dashed and wiggly lines represent the scalar and gluon fields, respectively. 

for the operators \T^i^'^Ya^ and [^7^]^^- We will show that the eigenstates of this matrix give rise 
to the components [7J+]j7]^4b ^-iid [Tj+jj^J^^ of the superconformal operator for even j, Eq. (jlSj) . 
while for odd j we get the operator [7[i]^;]^^ which renormalizes autonomously. 

Instead of dealing with an infinite tower of local conformal operators, we will work with non- 
local light-cone operators 

(6, 6) = ^ { (^^" + (^2) 0AB(ei) ± (6 - 6)} , (56) 

T''^'^ (^1,6) = SABCDt^ {A"^(6)^+„;3<''"A^(ei)} , (57) 

where we have suppressed the Lorentz and isotopic indices on the left-hand side and have tacitly 
assumed the light-cone gauge = and, therefore, neglected the light-like Wilson lines stretched 
between the elementary fields. These nonlocal operators serve as generating functions of local 
conformal operators [T^^l'^'^]'^^ and [T^^i^]'^^ when expanded in the Taylor series (fTHj) . 

The computation of the dilatation operator in the basis (j56|l and (j57jl has a number of advan- 
tages. Firstly, the renormalization acquires a very concise form and has a transparent meaning 
in the coordinate space; secondly, the conformal properties of the dilatation operator become 
manifest 

The non-local operators ()56|) and ()57|) possess additional singularities due to the light-light na- 
ture of separations between fields. To regularize them one uses the dimensional regularization and 




Figure 3: One-loop diagrams for diagonal T'^'^'® 'Xii^^ transitions. The self-energy diagrams 
are multiplied by the combinatoric factor 1/2. The solid line represent the gaugino. 
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Figure 4: One-loop transitions changing the particle content of operators and contributing to the 
off-diagonal elements of the mixing matrix. 



subtracts divergences in the MS-scheme. Due to the different parity under .^i ^ {2, the operator 
{ill ^2) cannot mix with the remaining two operators and, therefore, evolves independently. It 
is convenient to combine the parity-even operators 77^^ and T'^'^'^ into a two-vector 




Let us discuss both cases in turn. 

• Parity-even operators: The one-loop mixing matrix for the operators ()58p is given by Feyn- 
man diagrams displayed in Figs. El El and El A computation, whose detailed account can be found 
in appendix |D1 leads to the following result for the MS-subtracted operator^ 

r^+] (ei, 6) = [' dy f dz e{l-y- z) (59) 
Jo Jo 

X (^S{y)6{z)i - ^^My, ^)) ^[+] (y^i + yi2, ^6 + ^6) , 

with = exp(£:(7E — ln47r)). The integral kernel of the one-loop dilatation operator is given by 

V 1/4 (l+y)[l/y]+y V 1/4 ^'[1/^]+/ 

with y = 1 — y and analogously for other variables. Here and below the plus-regularization is 
defined conventionally as = 1/y — 5{y) dy'/y'. 

Equation (j59j) has a simple physical meaning: under the renormalization group flow the fields 
are displaced on the light-cone in the direction toward each other. One can verify that (j59j) is 
invariant under the projective transformations on the light-cone and, as a consequence, the 
operator IK commutes with the generators of the collinear SL{2) subgroup. The above integral 
representation for the one-loop dilatation operator is diagonalized in the basis 'T[^](^i,^2) ~ 
(^1 ~ ^2)'''- Going from the coordinate to the momentum representation, one can show (see Eq. 
*E.g., the operator, which generates finite Green functions. 
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()D.23|) ) that the dilatation operator admits the conformal partial- wave expansion (Id:221) making 
the diagonalization property manifest. 

Let us expand the non-local light-cone operator T'^^.j (^i, ^2) in the Taylor series over local con- 
formal operators (jl8|) and, then, substitute it into (j59j) . Due to the positive parity, the expansion 
will involve only conformal operators with even conformal spins and each term of the expansion 
will diagonalize the operator K. In this way, one obtains the renormalization group equation 

^ IK^^Tab = -^7f [K^,rAB + 0{g^) , (61) 
where we have extracted the color factor from the anomalous dimension matrix, cf. ()20|). 

yo)^(^4^0- + 2)+47E -8 \ ^^2) 

' V -iirmw) m + '^) + ^i^-xjTmTT) ) 

The eigenvectors of this matrix define two conformal operators [7^^]j7]^45 and [7^+]j7]^4b, Eq- (PH|) - 
and the corresponding eigenvalues determine their anomalous dimensions 

[%\Ab ■■ 7]? = 7^°^ (j + 1) = m + 3) + 47E , 

m^Ms ■■ 7]?! = 7^°^ (j - 1) = m + 1) + 47E , (63) 

respectively. 

• Parity-odd operators: The non-local light-cone operator [7^1^]^^ {^,1,^2) has an autonomous 
scale dependence. It satisfies an evolution equation analogous to with the evolution kernel 
given by 

K{y, z)=y [l/y]^ 5{z) + [l/z]^ 5{y) . (64) 

Analogous to the previous consideration, one expands Tj^l^ (^1)^2) over local conformal operators 
and calculates their anomalous dimension with the result 

[^Ti^iU ■■ ^% ^ = m + 2) + 47E . (65) 

Here we used the notation for the component of the multiplet (j48p . The obtained eigensystem 
(jnSl) and (jU^ is in perfect agreement with Table HJ 

To summarize, we demonstrated in this section that the anomalous dimensions of different 
components of the supermultiplet are determined by the same function of the conformal spin 
j. To one-loop accuracy, this function 7*-'''*(j) is expressed in terms of the Euler -j/^-f unction, 

-|- 2) = X]l=i ^ ~ 7e |in]- Making use of the recent two- loop calculation of the anomalous 
dimensions of 5't/(4)-singlet operators [3^] one can fix the two-loop correction to the anomalous 
dimension of the supermultiplet 

- ^7^°) (j) + (1^) ' 7^^) (j) + 0(/) , (66) 
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where 

n=l 

7%)--4i:{5+^i:;i(i+(-ir»»«,™)}. (' 

n=l ^ m=l 

Here (J„ stands the signature factor and the step-function is 9n,m = {^,n > m]0,n < m}. 



5 Discussion and conclusions 

In this paper, we have studied the constraints imposed by supersymmetry on renormahzation 
properties of twist-two operators. These operators involve only "good" components of the fun- 
damental fields and, as a consequence, they form a closed set with respect to the action of the 
coUinear SL{2) subgroup of the full conformal group. In conformal theories, the operators that 
carry the same conformal spin mix under renormahzation, and diagonalizing the corresponding 
mixing matrix one constructs their linear combinations which have an autonomous scale depen- 
dence. Being solutions to characteristic (polynomial) equations, the anomalous dimensions 7(j) 
are, in general, multi-valued functions of the conformal spin j in a Yang-Mills theory. These 
properties are generic and do not rely on supersymmetry. 

Supersymmetry has the following remarkable consequences. Firstly, it allows one to classify all 
conformal operators with respect to the action of super conformal transformations of the coUinear 
5*17(214) subgroup of the full SU{2,2\4) superconformal group of the A/" = 4 SYM theory. As 
was shown in section 13.11 the coefficients defining relative weights of conformal operators in the 
expressions for the A/" = 4 superconformal operators have a very simple form. They can be 
interpreted as Clebsch-Gordan coefficients in the tensor product of two irreducible representations 
of SL{2\A). Secondly, the superconformal operators entering the same supermultiplet have the 
same scaling dimension 7(j). In distinction with a general case of conformal Yang-Mills theory, 
it is a single-valued, meromorphic function of the conformal spin j. In the A/" = 4 theory, the 
one-loop anomalous dimension is given by the Euler ?/^-function of the conformal Casimir while 
the two- loop corrections involve its generalizations, Eq. fl66p . Thirdly, we have demonstrated that 
a unique feature of the A/" = 4 SYM is that all quasipartonic operators with different SU{4) 
quantum numbers fall into a single supermultiplet. Among them there is a subsector of the 
operators of maximal helicity, Eqs. ()26|) and ()31|). which plays a special role. Independently on 
the presence of supersymmetry, the dilatation operator in conformal Yang-Mills theory exhibits 
a hidden symmetry in this sector in the multi-color limit — it is equivalent to a Hamiltonian of 
integrable SL{2) Heisenberg spin magnet [ZllHliniCniE]- In the A/" = 4 SYM theory, this symmetry 
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is extended to the whole supermultiplet of quasipartonic operators with the only difference that the 
collinear SL{2) group is replaced by its supersymmetric extension 5'L(2|4), which is a subsector 
of the PS'f/(2, 2|4)-symmetric one-loop dilatation operator defined in Refs. |2^ I21j. 

So far we have discussed twist-two conformal operators — two-particle blocks of multiparticle 
operators. The above consideration can be repeated to construct multi-particle superconformal 
operators involving "good" components but calculations become rather tedious. Our findings can 
be re-expressed in a concise form if one combines "good" components of fields into a light-cone 
superfield ^(^, 9^). To obtain the supermultiplet of conformal operators constructed in sect ion IXTl 
one has to examine the operator expansion of the product of two superfields ^{$,, 9^)${0, 0) and 
expand it over irreducible components similar to (fTH|) . Each component of the operator product 
expansion evolves autonomously under dilatations and has the anomalous dimension 7(j) with 
j defined by quadratic Casimir of the 5*17(214) group. As a consequence, the one-loop dilatation 
operator in the Af = A super- Yang-Mills acts on the product of two superfield as a two-particle 
Hamiltonian of the S'L(2|4) Heisenberg spin magnet. As the next step we consider the product of 
superfields 11^=1 ^i^k, )• For this subclass of operators the particle creation and annihilation is 
absent, so that the number of sites L is conserved. In the multi-color limit, the dilatation operator 
has a two-particle structure and defines a Hamiltonian of the integrable S'L(2|4) spin chain with 
L sites. The multi-particle superconformal operators and their anomalous dimensions can be read 
from the energy spectrum of this spin chain. 

Integrability of particle interactions implies stringent restrictions of the spectrum of anoma- 
lous dimensions in gauge theories at weak coupling. It is expected that integrability is a genuine 
property of the A/" = 4 super- Yang-Mills and, therefore, it has also to reveal itself at strong cou- 
pling. Within the gauge/string correspondence, the operators with large conformal spin are dual 
to semiclassical stringy states with a large angular momentum on AdS^. This allows to establish 
a correspondence between asymptotic behavior of anomalous dimensions of two-particle operators 
with large conformal spin at strong coupling and the energy of a long folded revolving string 

ESI 01] • For multiparticle operators the spectrum of the anomalous dimensions at strong 
coupling was calculated in [221 using their intrinsic relation with a cusp anomaly of Wilson loops. 
This correspondence has been employed in earlier analyses of twist-two operators in Ref. |17]. It 
was conjectured in |2S| that the string configuration, corresponding to higher-twist operators, pos- 
sesses string junctions, e.g., a three-particle operator is expressed by a three-string, to match them 
to conserved charges of the gauge theory [22 • A more precise identification of string configurations 
still awaits deeper exploration. 
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A AT = 4 super- Yang-Mills 

In order to set our conventions, we perform a textbook exercise of reducing the ten-dimensional 
M = 1 super- Yang-Mills down to the four- dimensional Minkowski space with the result of getting 
the A/" = 4 supersymmetric theory [T^ IT^ . We will adopt the SU{A) covariant form of Refs. 

|3n] adjusted to the presently used nomenclature of the Dirac algebra in four dimensions 
which is discussed in the subsequent appendix IHl One starts with 

C,, = ii{-\FMNF'''' + i^rMV''^] , (A.l) 

where the field strength is Fmn = <9m^7v — QnAm — ig[AM, A^] and the covariant derivative 
correspondingly is Vm = Dm — w[Am, ■]■ AH fields are matrix- valued in the SU{N) gauge group, 
i.e., <P = for any ^ = {Aj;/,!^}, with the generators normalized as trt'^t'^ = \S°'''. Here \P is 
the Majorana-Weyl spinor, i.e., satisfying the conditions ^^Cio = = ^ and F^^^ = \P, and 

the solution to them has the form 




with obviously (A^)* = A^^. The Lagrangian is a density with respect to supersymmetric trans- 
formation rules 

= \ F^'^'FuNi , ^Au = -I iFu^ , (A.3) 
i.e., 6C = OmA^' with Am = tr^ {2iFMNr^ + ^F^^F^lFm} ^, where we introduced a matrix 

pMN — i ^pM pN _ pNpM'^ 

Reducing the ten-dimensional Lagrangian to four dimensions we get the standard maximally 
supersymmetric theory, 

+ 2tX^A^fV''X^ - V2g\'^^[4)AB, Af ] + V2gKA[(l^^^ . \%]] , (A.4) 
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where we have introduced the complex scalar field (f) related to the six real components of the 
ten-dimensional gauge field A"" via 

where Sabcd = s^^'~^. Here we have split the ten-dimensional index M = {fi,a} into four- 
dimensional fi = 0,1,2,3 and six-dimensional a = 1,...,6. The Lagrangian £^^=4 is invariant 
under the transformation rules deduced from ()A.3|) . 

SA^ = -zC ""a^fxi - "^A^ , 

8XX = hP^ua^"'' P^A + [V.^ab] cr^'-^ep + ^g[^AB. ^'^^ICS • (A.6) 



B Dirac algebra in various dimensions 

In this appendix we introduce representations of Clifford algebras in four, six and ten dimensions. 
Let us introduce them in turn. 

• D = 3 + 1: The four-component spinor is composed from two Weyl spinors, transform- 
ing with respect to conjugated factors of the Lorentz group L\ = 5*0(3, 1) = 5*0(4, C)iJi ~ 
{SL{2, C) ® SL{2, C))|^ which are labeled by a pair (ji, j^) of eigenvalues + 1) of the SL{2) 
Casimir operators J^, 

with Aq ~ (|, 0) and A" ~ (0, |). The Dirac matrices admit the form 

where = (1, cr) and d"^ = (1, —cr) with the conventional vector of Pauli matrices cr. The 
Clifford algebra is {'~f'^,'y'^} = 'ig^^ , with the metric of signature g^^ = diag(+, — , — , — ) and reads 
for two-dimensional matrices 

a^^X 7/? + a^^a'' = 2g^''6^^ , "^a^^ + a' ^^a^^^ = 2g^^5i . (B.3) 

The charge conjugation matrix is 

C. = ^7V = I ° 1 , (B.4) 



-e^p 
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where e"^ = —s^j^ and e^"^ = e\2 = —£±2 = s^"^ = 1- The raising and lowering of Weyl spinor 
indices is accomphshed by the following set of rules 

A" = £°%, \^ = e.fX^, A, = A%,, A'^ = A^£^^ (B.5) 

corresponding to conventions of Ref. jHOl- While for the cr-matrices we have 

= eP^a^^^e^^ , = e^^a'' "^'ssa • (B.6) 

The charge conjugation matrix obeys the relations Cj = — C4, C| = —1 and C^'j^ = — {^^^YC^. 
The Majorana condition for a four- component spinor ilP^C^ = ip'^'-f^ = ip reads in terms of the 
Weyl components (A")* = A" and (Aq,)* = Aq,. The sigma-matrices transform under the complex 
conjugation as follows: 

= (cr^^^)* = aV. (B.7) 

Note that (Sap)* = —£af3- Any tensor can be expanded in the following basis of two-dimensional 
matrices {1, o"'^, a'*, a'^'^, a^*^}, where we introduced 

^M-/ = 1 [a^^a'^ ''^ - cr\^a'' , a'^'' = f [a^ '"'a%^ - ^^^a^^^ , (B.8) 

which satisfy the following "self-duality" conditions 

f e^^'^Vp, = G^"" , fe'^'^'ap. = -a'^" . (B.9) 

Note that and analogously for a with undotted indices replaced by dotted. 

Then, the products of two Weyl spinors obey the following Fierz identities 

'ee = \a^^^[l^a;<'i,) , (B.IO) 
with the following traces used in the derivation 

|tr { CT'^a'^aV} = gf'^gP'' + g'^'^g'^P - g^'^g"'' - ie'^'P'' , (B.ll) 
itr { a^aV^a'^} = g^'"" gf"" + g'^'g^'f - g^'^g'"' + ze^'^'"" , (B.12) 



where the normal position of spinor indices as in Eq. ()B.2|) is implied. The complex conjugation 
of products of Weyl spinors includes the reversal of ordering, e.g., 

(rca)* = (a)*(rr = ar- (b.is) 
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The following relations are useful to perform the Dirac algebra for the product of three matrices: 
for contraction of transverse Lorentz indices 

and for the antisymmetric tensors 

<^ / = {€ - ^-..^^^^} , -oT^ % = eT {S- - ^^'''-^\,} . (B.16) 
• D = Q: The Dirac matrices in the six- dimensional Euclidean space are taken in the form 

where J]"-^^ = {rjiAB, iViAs) and S"" ab = ijliAB, —iViAs) are expressed in terms of 't Hooft symbols 
jni]. They obey the Clifford algebra {7", 7^} = —25"^, where S"''' = diag(-|-, . . . , +), with the 
normalization chosen with regards to the fact that it will be a part of the ten-dimensional Clifford 
algebra, 't Hooft symbols obey the following relations 

ViAB = ^lAB + 5iA 5iB — ^iB ^AA , 

ViAB = £iAB — SiA S^B + SiB SiA , (B.18) 

and f]iAB = {—^Y'^'^~^^*^ViAB- They form a basis of anti-symmetric 4x4 matrices and are (anti-) 
self dual in vector indices (£1234 = e^^^^ = 1) 

ViAB = j£ ABC DViCD , ViAB = ABCD ViCD ■ (B.19) 

The ?7-symbols obey the following relations 

£ijk VjAB VkCD = ^AC ViBD + ^BD ViAC — ^AD ViBC — ^BC ViAD , 
ViAB ViCD = 5 AC ^BD — ^AD ^BC + ^ABCD , 
ViAB VjAC = ^ij ^BC + ^ijk VkBC i 

£ABCE ViDE = SdA ViBC + ^DC ViAB — ^DB ViAC , (B.20) 
ViABTjiAB = 12, 
ViAB VjAB = 4:Sij , 
ViAB ViAC = 35bc • 
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The same holds for rj except for 



ViAB ViCD = Sac Sbd — Sad Sbc — £abcd ■ (B-21) 



Obviously rjiAs Vjab = due to their different duality properties. 
The six- dimensional charge conjugation matrix is 



C, = 7' = I 1 , (B.22) 



with properties Cj = Cq and Cq^"' = — {^"-YCq. 

• D = 9 + 1: We use the representations for the four- and six-dimensional Clifford algebra 
elaborated above in order to construct a representation for the ten-dimensional matrices. Namely, 

= ^1^) ■ (B.23) 

They obey the algebra {-T*^, -T^} = 2g^^^ with the Minkowski metric g^^^ = diag(+, —,...,—). 
The chiral and the charge conjugation matrices are defined as 

^"=7^®7^ Cio = C6®C4, (B.24) 

respectively. Obviously, the latter satisfies the conditions CJq = —Cio and CiqF'^ = — (r'^^j^Cio. 

C Building the supermultiplet: transformation of ... 

In this appendix we give the complete result of the supersymmetric transformations of conformal 
operators in Af = 4 Yang-Mills theory, which allows to construct their supermultiplet. In the 
final subsection IC.5I we give the result for the transformation of the components of the multiplet. 
Throughout this section the symmetrization and antisymmetrization operations are defined as 
follows: 

rp[AB] _ rpAB _ rpBA rp{AB} _ rpAB _|_ rpBA -j^-j 

C.l ... bosonic operators 

SU{4:) singlet operators first: For the parity-even operators we get 



50 ? = -a, 



X 



(j + 3) + uif^'^ff'') - u + 1) {c'l^r-iiU + ^aA[f2',lnr^) 

-u + 1) {c^[^;?u - ^.A[^2;?r^) + (j + 1) {c^[f^;'L^lU - ^aA[^2;\r^) } , (c.2) 
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-""^ 12(2j + 3) 



X 



J (r^[^2ff]«A + UAiniT'') + (j + 1) {C^[nf_,,U + } , (C.3) 



50fi = -a^^— 
^' ^ 2j + 3 



X {(j + 2) - ^^A[^;?r^) + u + 1) {c^if^r^nU - ^Aif^^ix^) } . (c.4) 

Analogously, for the parity-odd operators we get 



X 



- (j + 3) (r^[^ff].A - e«A[^2|,T^) + (j + 1) (r^[^j!n].A - e.A[^2|!ir^) 

- (j + 1) (r^[^;?]«A + 4A[^2;f]"^) + u + 1) (r^[^;!i,]«A + LA[f2;\,r^) } (c.s) 



^ (j + 2)(j + 3 ) 
- 12(2j + 3) 



X 



{j {c^[n',?u - LA[f^',?r^) + (j + 1) {c^[f^r~iiU - LAif^r^ur^) } . (c.e) 



Here we have used Eqs. ()B.14|) and relations between Jacobi polynomials of different order 
The variation of SU (4) non-singlet bosonic operators reads for scalar bilinears, 



+ (j + i) {C''^l^lU + LD^'L,,r] 

+ (j + 1) ]«^c + ^aci^r-frl 

and quark operators 



3(2j + 3) 



3(j + 3) {c^[n^,!u - LD[^',?r^) - 3(j + 1) {c^[nr.,,u - LDi^r^ur'') 

-u + 1) {C'l^'.fu + e.D[^2;,T^) + (j + 1) {c''wr.^,u + } 

(j + l)(j + 2) 
6(2j + 3) 

= -^.-^(l^i^i^lAC (C.9) 

[3(j + 3) + e".D[^2ff]"^') - 3(j + 1) (r^[f2f!i,].z) + 
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+(j + 1) - i^D[fifiD - (j + 1) [c'^wf^.^u - 

^ (j + l)(j + 2) 
' 6(2j + 3) 



Finally, the 20 transforms via 



+ (j + 1) {e^^'inr^'M - LiEif^rJiTW) } • (c-io) 

C.2 ... maximal-helicity bosonic operators 

For antisymmetric representation 



2j + 3 

and for symmetric representation 

12(2j + 3) ^ ""xa/j^^^^^^ V^^^i J ^} ~ i B} ) , (<-14) 

Here the square and curly brackets on indices denote antisymmetrization and symmetrization as 
defined in Eq. (im]) . 

The maximal-helicity gluonic operators transform into the maximal-helicity gauge-gaugino 
operators via 
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-(-i)^rx,, {j[~^X + + m-^T-ii]A) } ■ (C.16) 

Notice that in the A/" = 1 case, T's form a separate supermultiplet and do not enter the one 
with the chiral-even operators (j^ . and (j^SI)- 

C.3 ... mixed bosonic operators 

+(j + 2) (3[l2j,T^l + (-iy[f2;,T^l)} 



^ ^^^^e.c {(j + 3)[-f2j]D'^ + U + '2)[-f^T-ii]7] , (C.17) 



2j + 3 



and 



+ (j + 2) {3[f2^,l,,U - {-l)n^'AiiUi 



2 



r^ABCDr^ {(j + 3)rf?j'']r + (j + 2)rr2f_ijr } . (c.is) 



2j + 3 

C.4 ... fermionic operators 

Transformation of gluon-gaugino operators 

- 20- + 2)(, + 3) {(^- + ^) ([^^--]-' - 

-(J + 3) {[d]t\%^ - [c^Iff 
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2(j + 2) J'+iJ +iVimJ I^M ^ /374ij, 



and for scalar-gaugino operators 
1 

Kj + 2) 

+ {30]l,,^, + 2(j + 2)0-,,^,) - {30]l, - 2(j + 2)0]l,) }a-„^e 
- - 2(J + 2)[0-,^%]a^) 



+ 



7 ' 



2(j + 2) 



+ {[onlUB'' - 2(j + 2)[o;:^,%]b^) l^^'^^el 



where we have used Fierz identities ()B.10|) and the properties ()B.15|) and ()B.16|) . 

One can easily recognize from these variations the result for A/" = 1 supersymmetric Yang-Mills 
theory by replacing | — > | in coefficients on the right-hand side of the variations of iljf. From 
the latter one can easily read off the components of the supermultiplet of conformal operators in 
this theory [^3 IHOl HD] which form the chiral superfield [IH] . 

Transformation of the maximal-helicity fermion operators 
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3 



2(j + 2)(j + 3) ^■'+^^ ^ ^■+1'+^^ J '^"/^ 



and 



- 2(, + 2)(j + 3) ^[^"^l" + mi^^r} . (C.24) 

The 20 transforms as 

Sin;r'r^^ = -^[Pto]cZ{ {-[0]IW + U + 2)[0;S']f^) (C.25) 



I '3 ^ABDE ( r^gg,10i/i _ r-j-qg.lO ]/i \ ^^7 

2(j + 2) V i'+l -IC'-D [-'j+lZ+lJcDy '^At /SI-SE 



7 

F ' 



= -^[^2o]Sg?{ {-[Of^^V + (j + 2)[0;S%^) (C.26) 



\\yjl+l \AB + y^j+ll+l\AB) ^ a$^D 



2 



2(j + 2) 



4(j + 2) 



[^2o]Si5:? 2(j + i)[f;ii,r^^ - [T^-f]^^ 



Y^20\ aB;F\ 



C.5 ... components of the supermultiplet 

As we explained in the main text, in order to construct automatically components of the super- 
multiplet, one has to choose the right primary. To this end we use Then, the first level 
descendants are, according to Eq. ()C.10|) . the operators ^^'^ complex conjugated 
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sibling. In turn their descendants are 



-4^{6.^...[7;.Sr^" (C.28) 

When one combines the operators with same quantum numbers and conformal spin they form the 
components of the supermultiplet, and, of course, the eigenf unctions of the anomalous dimension 
matrix as was demonstrated in section 14.11 Evaluating supersymmetric descendants of all arising 
bosonic components one finds the following fermionic components; namely. 



e".c<"^[^2[:iJ%SB + 4(J + S)eABCDC''[^^tyf , (C.29) 



3 



1 



-^<^aC^ ± l^'[^]j^ll\PAB ^ ^KJ ^ ^J^ABCDi, [J^[_]j_iiJ^ , 



{(j + 3)r^2f4,]r + (j + 2)r^2f:],_jr } , (c.si) 

for the maximal-helicity operators and analogous relations holding for complex conjugated oper- 
ators which can be read off from appendix O Here and below we will not present these equations 
for their redundancy. Next 

(j + l)(j + 2) r 

CaC I n^q, 20-, B rn'"3.20 i B \ 
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3(2j + 3) 



j taC t r>sq,20i B .? < (^sq,20iaBc\ 

2 



for the rest. The subsequent step gives 

^{^[+yjiVA = -7-— ^VT— {<S]+ii+i - 5f - (j + 3)[4'3a'' 



{l'^[+]jl+l]AB ~ 2(2j + ^)['T[^]j+u+i]AB} ^to^P^ ^^^7 



2(j + 2) 

= --^{3 (4+1 - ^+1^+1) ^A - (j + l)['5^i1+i]A^ 

-(2j + 5)[ajS^]A^}a-,,el 



J + 

J + 1 
2(j + 2) 



'7 ' 



1 



[■^+]i+l«+l]^4B^Ma/3^ '^'^^7 ; (C.33) 



2(j + 2) 

and for the maximal-hehcity fermionic operators 
- - 8(, + 2)(, + 3) ^^^- + 



2(j + 2)(j + 3) iL'W^-'+iJ ^^Hi+i«+iJ / 

+ (J + 1)^^^^^ ([7f^],+i.+i]&D + 2(J + 3)[7f!]^,+XD) 
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2(j + 2)(j + 3) 



[[7-99 IM*^ I [7-99 ]fiu\ -± ^-/37f^ 



+(j + 3)eABCD + 2(j + l)|7f!,j+u+,l''™) }<t-°%« 

-(j + l)eABCD + 2(j + 3)[7j!]^,^,]-^^) 



2(j + 2)(j + 3) 



Finally, one observes that the supersymmetric algebra closes by varying the flavor- singlet bosonic 
components of the supermultiplet. 



+(j + i)(2j + 5) (r^[^[Vb-i/]«A + ^Aini^.^^if'') 
6s], = (j + 2)(j + 3) {r^[r?f_],,].A + LAif^iy^r^} , 

)(j + 2)(: 

2(2j + 3) 



AT»2 _ (i + l)(i + + 3) J- /^oAr-Ql ] F r-ol 

i« 9^9,- ^ 1 (^ i^Vb'daA - UA[i^[+]jl\ ) 



+ - UA[f^h-^ir^) I . (C.35) 

The remaining transformation laws which are no displayed above, i.e., for [t^.^^'^^JM-b^ [^jT'^^]ab 
and 

AS ^^^6 given in Eqs. (j(I13j). (j(114j) and (|(Iin|l. respectively, where, for the uniformity 
of notations used in the present section, one has to add the corresponding subscript [±] depending 
on the j-parity. 

D One-loop renormalization in light-cone gauge 

Let us give a few details of the derivation of anomalous dimensions which fix the scaling weight of 
the supermultiplet. We perform the calculation in the light-cone gauge A'^ = which preserves su- 
persymmetry of the Lagrangian. The residual gauge freedom is fixed by imposing the antisymmet- 
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Figure 5: One- loop corrections to the scalar, gluon and gaugino propagators. 

ric boundary condition on the gauge potential at the light-cone infinity, i.e., y4^(oo)+A^(— oo) = 0, 
which results into the principal value prescription on the spurious pole in the gluon density matrix. 



D.l Propagators 

Let us present first the propagators in A/" = 4 Yang-Mills theory fixed with the light-cone gauge 
with a principal value prescription. 

• Scalar propagator: 

• Gluon propagator: 

^e-'^-(---)f/,,(A;)d'"^(A;)f/..(fc)^^ . (D.2) 
The spurious pole in the gluon density matrix 

. The presence of the 
divergent tensor ?7^y, 

U,Ak) = 9,. - , (D.4) 

is an artifact of the Lorentz symmetry breaking effects by the gauge fixing vector and the use of 
the principal value prescription which leads to different renormalization constants for components 
of "good" and "bad" components of the tensor fields. 

• Fermion propagator: 

^e-^^-(---)f//(A;)A;,a'^^,t/^,(A;)^^ . (D.5) 
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is regularized via the principal value = \ l/{k~^+ iO) + l/{k~^ — iO) 



Here the rotation matrix reads 

Uj{k) = S'^-^a\,k^a,'r^, (D.6) 

and its conjugate is 

U^^={Ujy. (D.7) 

Since the hght-cone gauge fixing does not break the supersymmetry at the Lagrangian level, 
the renormalization constants of all elementary fields are equal. At one loop they are given by the 
expressions 

Z(A;) = 1 + ^| / d<l-^,^U<l\^^-k-), (D.8) 

and 

where e = {4 — d)/2 is the parameter of the dimensional regularization. Note that the "good" 
components of the fields are renormalized by Z and are not affected by Z. Here and below we 
introduced the functions 

/ ^^'f[{x^(3-l + zOr' . (D.IO) 
The first few of them, which appear in lowest-order calculations, read 

(D.ll) 

Xi — X2 

<i(a;i,a;2,a;3) = -^^K{x2,Xs) - -^^^U^^x^) . (D.12) 

Xi — X2 Xi — X2 

They are expressed in terms of the step function 9{x) = {1, a; > 0; 0, x < 0}. 

Note that the field renormalization constants ()D.8|) and ()D.9|) are infrared sensitive due to the 
non-causal choice of the regularization of the spurious poles in the light-cone propagator. Had 
we chosen the Mandelstam-Leibbrandt prescription, the field renormalization constants are free 
from infrared singularities and moreover they are identically zero, demonstrating the ultraviolet 
finiteness of the A/" = 4 super- Yang- Mills theory [T3] . 



D.2 Kernels 

Here we give the result for the one-loop dilatation operator for the maximal-helicity bosonic 
operators in 6 of SU{4). The calculation of the renormalization group kernels of these light-cone 
operators is most easily performed in the Fourier transformed space, i.e., 

0{xuX2) ^ [ fi^e-*^^«-^^^«^(9(ei,6), (D.13) 
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where O = T^^, . . .. The computation of the one-loop diagrams in Figs. |2l ElandlH along the line 
of Refs. 1^ |33] , results into the following matrix equation 



[T(X1, X2)]l-loop = 

with the two- vector 



^7r2 e 



dyidy26{xi+X2-yi-y2)K{xi,X2\yi,y2)[T{yi,y2)]o- 



loop 



T(xi,X2) 



evolving with the matrix kernel 



K 



^21 ^22 



{Xi,X2) 



The elements of the evolution kernels are 



Xi 



K (Xi,X2|yi,?/2) = — 



yi 



yi 



xi - yi 



- yi) 



^X2 

y2 



y2 



X2 - y2 



-i9?i(x2,X2 - 1/2) 



4 



K'^'^{xi,X2\yi,y2) = [xi-dl^{xi, xi -7/2) + a;2i9?i(x2, X2 -1/2)] 

1/2 

K^^{xi,X2\yi,y2) = - yi) -1/2)] , 



K (Xi,X2|z/l,?/2) 



- 1/1) 



a^i -yi 



X2 

y2 



2 r 



-?9?l(x2,X2 - 2/2) 



3^2 - Z/2 



-—'^UliXl, -X2, Xi - 7/2) - — -X2) . 



(D.14) 

(D.15) 

(D.16) 

,(D.17) 
(D.18) 
(D.19) 

(D.20) 



y2 y2 

Here the regularization of the end-point behavior y^ — s> Xj arises from the self-energy diagrams and 
results into the conventional plus-prescription 



yi 



xi - yi 



- yi) 



+ xi-yi 



- yi) - - yi) / dx\—p^ — 'd\^{x\,x[- yi) . 



- yi 



The kernels are diagonal in the basis of Jacobi polynomials, i.e., 



9 n .(f 



1 »^ o 



Xi + X2 



yi + 1/2 



(D.21) 

(D.22) 



where the normalization factor is 



nj{a,p) 



r{j + a + l)r{j+P + l) 



{2j + a + p + i)r(j + i)r(j + a + p + i)- 

The transformation of these kernels to the one acting on the light-cone coordinates is achieved 



via the Fourier transformation and reads 



K{xi,X2\yi,y2] 



dy dz 9{1 - y - z) 6{xi - yyi - zy2) ]K(|/, z) 



(D.23) 



under the condition of the conservation of momentum in the t-channel: Xi + X2 = yi + y2- Here 
y = 1 — y. The explicit form of coordinate-space kernels as well as the corresponding local 
anomalous dimensions is given in the main text in section 14.11 
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